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1. Introduction
The standard model of cosmology with ΛCDM fits a number of observational data
very well [1]. The rapid development of observational cosmology recently has shown
that the Universe has undergone two phases of cosmic accelerated expansion. The
first one is the so-called inflation [2–4] which is understood to have occurred prior to
the radiation-dominated era [5]. This phase is required not only to solve the flatness
and horizon problems plagued in standard Big Bang cosmology, but also to explain
a nearly flat spectrum of temperature anisotropies observed in the CMB [6]. The
second accelerating expansion phase has started after the matter-domination era,
which implies that the pressure p and the energy density µ of the universe should
have violated the strong physical energy condition µ + 3p > 0 [7]. Therefore, this
late cosmic acceleration cannot be explained by the presence of standard matter
whose equation of state w = p/µ satisfies the condition w ≥ 0. In fact, we need a
component of negative pressure with at least w < −1/3 to realise the acceleration
of the universe. This unknown smooth component responsible for this acceleration
in the expansion rate is referred to as “dark energy” [8]. The need for the existence
of dark energy has been confirmed by a number of observations such as SN Ia [7,9],
the LSS [10,11], the BAO [12], and the CMB [13].
However, there are numerous recent attempts to explain away dark energy. Two
of the most common such attempts come either in the form of modifications to the
theory of gravity or the introduction of new matter or scalar field contributions to
the action of General Relativity (GR). In the latter case, one suggestion is that
the change in the behavior of the missing energy density might be regulated by
the change in the equation of state of the background fluid instead of the form
of the potential [14, 15]. The Chaplygin Gas (CG) model in cosmology is one of
the most profound candidates for this suggestion. For quite sometime now, the
CG model has been considered as another alternative to the cosmological FLRW
universe models with a perfect fluid equation of state and negative pressure [16,17].
The model provides interesting features of the cosmic expansion history consistent
with a smooth transition between an inflationary phase and a matter-dominated
decelerating era. In addition, the late-time accelerated de Sitter phase of cosmic
expansion can be achieved [18–21].
Among the earliest and simplest modifications to the GR gravitational action
are f(R) gravity models. These models are usually considered to be geometrical
alternatives to the dark energy debate [22–30], but their scopes of applicability
has only been increasing: from early-universe cosmic inflation [2, 31, 32], to the
evolutionary dynamics of large-scale structure [33–41] and astrophysics [42–45].
An interesting aspect of f(R) gravitational models is their proven equivalence
to a class of the Brans-Dicke (BD) version of scalar-tensor (ST) theories [46–49].
The main objective of this paper is to make use of this equivalence and reconstruct
models of f(R) gravity that describe exactly the same background cosmological
evolution as Chaplygin gas models that mimic a BD scalar field with a vanishing
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coupling constant.
The remaining part of the manuscript is organised as follows: in Section 2,
we will give a brief description of the three underlying alternative cosmological
theories used for our analysis, namely, f(R) models of gravity, the Chaplygin gas
as a cosmological solution and the BD classes of ST theories. After solving the
background fluid equations for the Chaplygin gas playing the role of a classical
scalar field, which in turn is linked to the f(R) gravitational models through the
correspondence described above, we reconstruct the f(R) functionals in Section 3
for the original Chaplygin gas model and section 4 is devoted to f(R) functionals for
the generalized Chaplygin gas model. The general solutions are highly intractable,
but we provide exact solutions in asymptotic regimes: early-time and far-future
cosmologies. We have applied these solutions to de Sitter spacetimes, where exact
potential forms as functions of both the scalar field and the scale factor are analysed,
followed by discussions and conclusions in Section 5.
In this paper, we will frequently use the natural units convention (~ = c =
kB = 8piG = 1) and Latin indices a , b , c , . . . run from 0 to 3. The symbols ∇, ∇˜
and the overdot . represent, respectively, the usual covariant derivative, the spatial
covariant derivative, and differentiation with respect to cosmic time. We use the
(−+ ++) spacetime signature and the Riemann tensor is defined by
Rabcd = Γ
a
bd,c − Γabc,d + ΓebdΓace − ΓfbcΓadf , (1)
where the Γabd are the Christoffel symbols (i.e., symmetric in the lower indices)
defined by
Γabd =
1
2
gae (gbe,d + ged,b − gbd,e) . (2)
The Ricci tensor is obtained by contracting the first and the third indices of the
Riemann tensor:
Rab = g
cdRcadb . (3)
Unless otherwise stated, primes
′
,
′′
etc are shorthands for derivatives with respect
to the Ricci scalar
R = Raa (4)
and f is used as a shorthand for f(R).
2. Three alternative cosmological theories
In this section, we are going to briefly review the three alternative theories of grav-
ity, namely f(R) gravity, ST theory and the Chaplygin-gas model. These gravity
theories have been suggested and studied with the intention of showing that they
can mimic both the dark matter and dark energy mysteries.
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2.1. Equivalence between f(R) and scalar-tensor theories
The scalar-tensor theory of gravity is a theory which tries to explain the interactions
of gravity with matter. It is through this that the f(R) gravity theory has been
shown to be a sub-class of the ST theory [48]. A clear illustration of how f(R)
theories are classified as a subclass of ST theory is in the BD theory for the case of
the coupling constant ω = 0 [50]. The action in BD theory is given such that ω is
independent of the scalar field [28,29]. Thus, we have
IBD =
1
2κ
∫
d4x
√−g
[
φR− ω
φ
∇µφ∇µφ+ Lm(Ψ, gµν)
]
, (5)
where κ = 8piG, R is the Ricci scalar and Lm is the matter Lagrangian. We consider
the action that represents f(R) gravity given as
I =
1
2κ
∫
d4x
√−g [f(R) + Lm] . (6)
The action in ST theory has the form [51,52]:
If(φ) =
1
2κ
∫
d4
√−g [f(φ(R)) + Lm] , (7)
where f(φ(R)) is a function of φ(R) and we consider the scalar field φ to be [49,52]
φ = f ′ − 1 . (8)
Here, the scalar field φ should be invertible [48, 50, 53]. Thus, if we compare the
ST theory action to Eq. (5) of the BD theory for the case of a vanishing coupling
constant ω = 0, we can say that f(R) theory is a special case of the ST theory. One
can use the Palatini approach to show that f(R) is a sub-class of ST theory but in
that context, the coupling constant is considered to be ω = − 32 (see more detail in
Refs. [53, 54]).
In this paper, we consider the treatment of the Chaplygin gas as a scalar fluid.
With this in mind, we can make a basic analysis of the Chaplygin gas through
the ST theory of gravity. From the motivation that an equivalence between scalar-
tensor theory (BD-theory) and f(R) theory of gravity exists, we obtain the energy
density of the Chaplygin gas in terms of the scalar field, and from the Chaplygin gas
property, we obtain the Chaplygin gas pressure. The reason behind this treatment is
that, in the literature, a lot of work has been done that suggests that the Chaplygin
gas can be treated as dark matter [16–21].
2.2. Chaplygin gas model
In the original treatment, the negative pressure associated with the Chaplygin-gas
model is related to the (positive) energy density through the EoS [16,20,30]
p = −A
µ
, (9)
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where A is a positive constant. Using this equation of state in the conservation
equation of µ given by
µ˙+ 3
a˙
a
(µ+ p) = 0 , (10)
we find that the energy density of the Chaplygin gas evolves w.r.t the scale factor
a(t) as
µ(a) =
√
A+
B
a6
, (11)
where B is a constant of integration. One can see that for large a(t), the energy
density becomes independent of the scale factor for positive B. This can be thought
of as an empty universe with a cosmological constant (see more detailed analysis
in Ref. [20]). In Ref. [20], it has been pointed out that for the early universe, the
approximated expression of energy density can represent a universe that contains
pressureless dust matter. From the Friedmann equation( a˙
a
)2
=
µ
3
− k
a2
, (12)
where k stands for curvature and can be either −1, 0 or 1, depending on the space-
time geometry. If we restrict ourselves to the case where the universe is flat, i.e.,
k = 0, then
a˙ = a
√
µ
3
. (13)
The energy density of the scalar field and pressure are given as [16,55]
µφ =
1
2
φ˙2 + V (φ) , (14)
pφ =
1
2
φ˙2 − V (φ) . (15)
Adding Eqs. (14) and (15) and using Eq. (11), we get
φ˙2 =
B
a3
√
Aa6 +B
. (16)
Using the following simple trick, where in this case, a prime denotes partial differ-
entiation w.r.t the scale factor a,
φ˙ =
dφ
dt
=
∂φ
∂a
∂a
∂t
= φ′a˙ , (17)
and substituting the expression of (13), we obtain
φ˙ = φ′a
√
µ
3
. (18)
Eq. (16) can therefore be rewritten as
φ′2 =
3B
a2
(
Aa6 +B
) =⇒ φ′ = ± √3B
a
√
Aa6 +B
. (19)
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This equation can be integrated with respect to a to yield
φ(a) = ± 1
2
√
3
ln
( Aa6
Aa6 + 2B + 2
√
ABa6 +B2
)
+ C1 , (20)
where C1 is a constant of integration. Our next step will be to reconstruct the f(R)
functional which produces φ per Eq. (8). To do so, we first relate the Ricci scalar
R and the scale factor a using the trace equation
R = µ− 3p = 4A+
B
a6√
A+ Ba6
, (21)
which can also be rearranged as
Ra6
√
A
(
1 +
B
Aa6
)
− 4Aa6 −B = 0 . (22)
From the equation describing energy density µφ and pressure pφ, we solve for the
potential as
V (φ) =
µφ − pφ
2
=
2Aa6 +B
2a3
√
Aa6 +B
. (23)
The de Sitter universe is a solution of the Einstein field equations with no standard
matter sources but a positive cosmological constant or a scalar field. The Friedmann
equation for such a universe reduces to( a˙
a
)2
≡ H2 = Λ
3
, (24)
with the scale factor exponentially evolving as [55,56]
a(t) = De
√
Λ
3 t = Demt . (25)
Using this solution for the scale factor at the early stages of the universe’s evolution,
one can obtain the characteristic potential that is solely dependent on the universe’s
cosmic time.
3. Reconstruction of f(R) gravity from the original Chaplygin gas
model
3.1. Case 1: Early universe
For the early universe, we assume that the scale factor a is small enough for the
approximation Aa6/B << 1 to hold, that is, we can make the following treatment√
B2
(
1 +
Aa6
B
)
≈ B . (26)
Replacing this in Eq. (20), we have
φ(a) = ∓ 1
2
√
3
ln
(
1 +
4B
Aa6
)
+ C1 . (27)
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From Eq. (22), we have
Ra3
√
B −B = 0 . (28)
This means that we can write
a3 =
√
B
R
, (29)
and hence replacing Eq. (29) in Eq. (27), we have
φ(R) = ± 1
2
√
3
ln
(
1 +
4R2
A
)
+ C1 . (30)
By substituting (30) into (8) and integrating, we obtain
f(R) = ±
[√
3R
6
ln
(4R2 +A
A
)
+
√
3A
6
arctan
(2R
4A
)
−
√
3R
3
+ C1R
]
+R+ C2 ,
(31)
where C2 is a constant of integration.
Fig. 1: Plot of f(R)/R against Ricci scalar R for the early universe, setting A = 0.5,
C2 = 0 and C1 = −0.4, the red is for GR case, green is for positive f(R) solution
and blue is for negative solution
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Combining Eqs. (14) and (15) and use the fact that√
A+
B
a6
=
1
a3
√
B
√
1 +
Aa6
B
≈
√
B
a3
, (32)
we obtain the potential V (a) as
V (a) =
√
B
a3
. (33)
We get a(φ) from Eq. (27) as
a3 =
2
√
B√
A(e±2
√
3(φ−C1) − 1)1/2 . (34)
Therefore, the potential is given as
V (φ) =
√
A
2
(
e±2
√
3(φ−C1) − 1
) 1
2
. (35)
We set the constants such that V (φ) is given as
V (φ) =
1
2
(
e±2
√
3φ − 1
) 1
2
. (36)
Then the time-dependent potential can be obtained as
V (t) =
√
B
D3e3mt
. (37)
By considering positive potential from Eq. (36), one can write
V (φ) =
√
A
2
(
e2
√
3φ − 1
) 1
2
. (38)
3.2. Case 2: Late universe
The term on the denominator (20) can be approximated with the assumption that
for the late universe, the scale factor a is large enough such that B/Aa6 << 1 holds.
Therefore, we have the term as
2
√
ABa6 +B2 = 2
√
ABa6
(
1 +
B
Aa6
)
≈ 2
√
ABa3 . (39)
With this approximation, equation (20) becomes
φ(a) = ± 1
2
√
3
ln
(
1 +
2B
Aa6
+
2
√
B√
Aa3
)
+ C1 . (40)
Therefore Eq. (40) takes the form
φ(a) = ± 1
2
√
3
ln
( 2√B√
Aa3
)
+ C1 , (41)
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(a) The potential V (t) as a function of time t
from Eq. (37) for values A = B = m = D = 1
and C = 0.
(b) The potential V (φ) as a function of the scalar
field φ from Eq. (38) for values A = B = m =
D = 1 and C = 0.
Fig. 2
Eq. (22) results in
a6 =
√
B√
R
√
A− 4A
, R 6= 4
√
A. (42)
Therefore, we update Eq. (40) as
φ(R) = ± 1
2
√
3
ln
(
1 +
2√
A
√
R
√
A− 4A
)
+ C1 . (43)
Replacing Eq. (43) in Eq. (8), we have f(R) as
f(R) = ±
[√3
6
(
R− 17
√
A
4
)
ln
(
1 +
2
√
R
√
A− 4A√
A
)
+
√
3
12
√
R
√
A− 4A+
(
−
√
3
12
+ C1
)
R
+
19
√
3A
48
]
+R+ C3 ,
(44)
where C3 is a constant of integration. By combining Eqs. (14) and (15) and using
the large-scale-factor approximation, we have the potential as
V (φ) =
√
A . (45)
As a combination of Eqs. (14) and (15) results in
V (a) =
2A+ Ba6
2
√
A+ Ba6
, (46)
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Fig. 3: Plot of f(R)/R against Ricci scalar R for the late universe, setting A = 0.4,
C3 = 0 and C1 = −0.4, the red line represents the GR case, while the green and
blue curves depict negative and positive f(R) solutions respectively
one can start from dependence of scale factor a on scalar field φ to have the potential
V (φ) as
V (φ) =
2A+ A4
(
e∓2
√
3φ−C1
)2
2
√
A+ A4
(
e∓2
√
3φ−C1
)2 . (47)
In principle, we can constrain the scalar field φ by equating Eqs. (45) and (47).
Once this is done, one has a constant scalar field given by
φ = ± C1
2
√
3
. (48)
So far, we have considered the original model of the Chaplygin gas and have ob-
tained expressions for f(R) that correspond to the early and late universe along
with their corresponding potentials. In the following, we present a similar analysis
for the generalized Chaplygin model.
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4. Reconstruction of f(R) gravity from the generalized Chaplygin
gas model
For the generalized Chaplygin gas, we have the pressure as [16,20,30]
p = − A
µα
, (49)
where 0 ≤ α ≤ 1 and A is a constant.
µ(a) =
(
A+Ba−3(α+1)
) 1
1+α
. (50)
For a flat universe, K = 0, we can write the Friedmann equation as
a˙ = a
√
µ
3
. (51)
Combining Eqs. (14) and (15) results in
φ˙2 =
Ba−3(α+1)(
A+Ba−3(α+1)
) α
1+α
. (52)
Therefore, we can write
φ′ = ±
√
3B
Aa3α+5 +Ba2
. (53)
4.1. Case1: Early universe
We consider Eq. (53), for the early universe, the scale factor is assumed to be small
enough, therefore, we can write
dφ = ±
√
3B√
Ba2(1 + Aa
3(α+1)
B )
da , (54)
then using the fact that (1 + x)n ≈ 1 + nx+O(x2), for x << 1, we have
dφ = ±
√
3
a(1 + Aa
3(α+1)
2B )
da . (55)
Integrating this equation, we have
φ(a) = ±
√
3
3(α+ 1)
ln
( 2B
a3(α+1)
+A
)
+ C1 . (56)
By imposing the early universe assumption for scale factor on Eq. (72), we have
a(R) as
a(R) =
B
1
3(α+1)
R1/3
. (57)
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Therefore, we have φ(R) as
φ(R) = ±
√
3
3(α+ 1)
ln(2Rα+1 +A) + C1 . (58)
Thus integrating with respect to the Ricci scalar R from
f(R) =
∫
φdR+R+ C4 , (59)
to have
f(R) = ±
√3
(
R(α+ 1)−R ln (2Rα+1 +A) )
3(α+ 1)
−
√
3A
3
∫
dR
2Rα+1 +A
+ C1R
+R+C4 ,
(60)
where C4 is a constant the integration. The potential is given by
Fig. 4: Plot of f(R)/R against Ricci scalar R for the early universe, setting A = 0,
C4 = 0, C1 = 0.4 and α = 0.2 the red line represents the GR case, while the green
and blue curves depict negative and positive f(R) solutions respectively
V (φ) =
µφ − pφ
2
. (61)
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Considering energy density as
µ =
(
A+Ba−3(α+1)
) 1
α+1
(62)
and pressure as
p = − A
µα
, (63)
we have
V (a) =
2A+ B
a3(α+1)
2(A+Ba−3(α+1))α/(α+1)
. (64)
By treating the denominator, we have
(A+Ba−3(α+1))
α
(α+1) =
( B
a3(α+1)
(
a3(α+1)
B
+ 1)
) α
α+1 ≈
( B
a3(α+1)
) α
α+1
, (65)
where we have considered that a3(α+1) is small enough in the early universe. So the
potential becomes
V (a) =
2A+ B
a3(α+1)
2
(
B
a3(α+1)
) α
α+1
. (66)
From Eq. (56), we have
a3(α+1) =
2B
e
∓ 3φ(α+1)√
3 −A
. (67)
If we substitute (67) into (66), we get the potential V as a function of φ as
V (φ) =
1
2
α+2
α+1B
(
2A+
1
2
(e
± 3φ(α+1)√
3 −A)
)(
e
± 3φ(α+1)√
3 −A
) 1
α+1
. (68)
We only consider positive potential as
V (φ) =
1
2
α+2
α+1B
(
2A+
1
2
(e
3φ(α+1)√
3 −A)
)(
e
3φ(α+1)√
3 −A
) 1
α+1
. (69)
Subsequently, Equations (66) and (25) give rise to
V (t) =
1
2B
α
α+1
(
2A+B(Demt)−3(α+1)
)
(Demt)3α . (70)
4.2. Case2: Late universe
For the late universe, we have the following assumption
Ba2 << Aa3α+5 . (71)
Thus we have
dφ ≈
√
3B
Aa3α+5
da . (72)
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(a) The potential V (φ) as a function of scalar
field φ from Eq. (69) for values A = B = m =
D = 1 and α = 0.5 (red), α = 0.3 (blue) and
α = 0.2 (green).
(b) The potential V (t) as a function of time t
from Eq. (70) for values A = B = m = D = 1
and α = 0.5 (red), α = 0.3 (blue) and α = 0.2
(green).
Fig. 5
We perform integration to get
φ(a) = ± 2
√
B√
3
√
A(α+ 1)a3(α+1)/2
+ C1 . (73)
The next step is to get φ(R). Using the trace equation once again yields
R =
Ba−3(α+1) + 4A(
A+Ba−3(α+1)
) α
1+α
. (74)
By manipulating Eq. (74), we obtain
a(R) =
( RA α1+α − 4A
B(1− αR1+αA
−1
α+1 )
)− 1
3(α+1)
. (75)
Thus from Eq. (73), we have
φ(R) = ± 2
√
B√
3A(α+ 1)
( RA α1+α − 4A
B(1− αR1+αA
−1
α+1 )
) 1
2
. (76)
Substituting this expression of φ(R) in Eq. (8), we get
f(R) =±
[−A2(3α− 1)2m1(A,α,R) arcsin( 2αA αα+1R−5Aα−AA(3α−1) )+m2(A,α,R)
4
√
3α3/2(α+ 1)3/2m1(A,α,R)
+ C1R
]
+R+ C5 ,
(77)
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where C5 is a constant of integration ,
m1(A,α,R) =
√
−αA αα+1 (αR− (α+ 1)A 1α+1 )(RA αα+1 − 4A) , (78)
and
m2(A,α,R) =− 4α3A 3αα+1R3 + 6(5α+ 1)α2A
3α+1
α+1 R2 − 2α(33α2 + 18α+ 1)A 3α+2α+1 R
+ (40α3 + 48α2 + 18α)A3 .
(79)
Fig. 6: Plot of f(R)/R against Ricci scalar R for the late universe, setting A = 10−4,
C1 = −2×10−3, C5 = 1 and α = 3×10−5 the red line represents the GR case, while
the green and blue curves depict negative and positive f(R) solutions respectively
From Eq. (50) in late universe, that is together with its corresponding pressure,
we have potential V (a) from Eq. (23) as
V (a) =
Ba−3(α+1) +A
2
(
A+Ba−3(α+1)
) α
α+1
. (80)
Replacing Eq. (73) in Eq. (80) we get
V (φ) =
3A(α+ 1)2φ2 + 8AB
8B(A+ 3A(α+ 1)2φ2)
α
α+1
. (81)
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We replace scale factor (25) in (80) to get potential as a function of time as
V (t) =
B(Demt)−3(α+1) + 2A
2
(
A+B(Demt)−3(α+1)
) α
α+1
. (82)
(a) The potential V (φ) as a function of scalar
field φ from Eq. (81) for values A = B = m =
D = 1, and α = 0.5 (red), α = 0.3 (blue) and
α = 0.2 (green).
(b) The potential V (t) as a function of time t
from Eq. (82) for values A = B = m = D = 1,
and α = 0.5 (red), α = 0.3 (blue) and α = 0.2
(green).
Fig. 7
For the early universe, we plotted the potential dependence on the scalar field
and one can easily observe that the potential increases with an increase in φ. How-
ever, for the late universe, this dependence is realized after a decrease to a certain
minimum. It can be observed that as α increases the position of the minimum point
gets lowered. For the time-dependent potential in the early universe, an increase in
time results in an increase in the potential. Conversely, the potential decreases as
time increases for the late universe. This trend has been obtained through the use of
approximated solutions. The actual behavior of the potential under consideration
may be obtained through acquiring the exact solutions of the scalar field.
5. Conclusions
The reconstruction of f(R) models from the Chaplygin gas cosmological model is
systematically developed in this work. This was done through the consideration of
the equivalence between two theories of gravitation, namely f(R) theory and the
Brans-Dicke subclass of scalar-tensor models. The analysis made use of a combina-
tion of energy density, pressure, kinetic and potential terms of the scalar field to
obtain relationships between the scalar field, the Ricci scalar and the scale factor.
As can be seen from the reconstructed functionals and their corresponding plots
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versus the GR Lagrangian density (f(R) = R), these expressions have GR as their
respective limiting solutions.
The results have been applied to a de Sitter universe and the time-dependent
expressions for the potential have been obtained for both the original and general-
ized cases of the Chaplygin gas model. This was made possible by two asymptotic
assumptions, early- and late-universe epochs of cosmic evolution. The behaviors of
the potential for both the original and generalized cases show that the amplitude
of the potential gets weaker with time in a de Sitter universe except for the early
universe consideration in the generalized Chaplygin gas model where the potential
grows with time. However, the dependence of the potential on the scalar field shows
that for larger values of the scalar field, the potential is also large, but for the gen-
eralized case within a late universe, the potential is observed to have a valley before
it follows the trend observed for other potentials.
The solutions provided in this work are obtained for asymptotic cases, but in-
termediate solutions are highly intractable at best. We thus leave the (numerical)
analysis of solutions for the entire cosmic history for a future work.
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